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ABSTRACT
In this paper, we applies a new homotopy perturbation method (NHPM),to find the exact solution of Poisson equation
with Dirichelet and Neumann boundary conditions, to illustrate the ability and reliability of the method two examples
are provided the results reveal that the method is very effective and simple.
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INTRODUCTION

The new homotopy perturbation method (NHPM) was proposed by Biazar an Eslami [1] for solving two dimensional
wave equation , The two most important steps in application of new homotopy perturbation method to construct a
suitable homotopy equation and choose a suitable initial guess, Considerable research works have been conducted
recently in applying this method to a class of linear and non-linear equations[2-5], The aim of this paper is to employ
NHPM to obtain the exact solution of two Poisson equations, one with the Dirichlet boundary conditions and one with
the Neumann boundary conditions., the difference between (NHPM) and standard (HPM) [6-10] is starts from the
form of initial approximation of the solution. J. Biazar et all [11], and Selcuk Yildirim [12] are obtained the solution
of Poisson equation by HPM .in this letter, the basic idea of (NHPM) is given in section (2), we obtain the exact
solution of Poisson equation in section (3) the last section (4) is reserved for conclusion.

BASIC IDEAS OF THE METHOD

Consider the two dimensional Poisson equation

Uy +U, = F(XY) O<x<a,0<y<b (1) Subject to the
boundary condition

u(0,y) =0, u(ay) = f(y),
{u(x,O) =0, u(x,b)=0.

To solve Eq. (1) we construct the following homotopy
o*v ov 0%
(- p{ax—z—uo}r p(y+y— f(xy)|=0
Or:

2

oV
—— =Up— D(Uo +$— f(x, Y)] ()

X X
Applying the inverse operator L™ = J‘I () dxdx to both sides of Eq. (2), we obtain
00
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v(x,y) =v(0,y) +xv,(0,y) + JX._X[uodxdx - pﬁ(uo + Zy—z\zl — f(x, y)J dxdx 3)

Where V(0,y)=u(0,y) andv, (0, y) =u,(0,y), suppose u,(0,y)=g(y)

Assume the solution of Eq. (3) in the following form:
V=V, + PV, + p2V, +... )

Suppose the initial approximation of the solution U, (X, Y) , is in the form

Ug(x,y) =2 a,(¥) P, (X) 5)
n=0
Where a, (y), al(y), a, (y), ...are unknown coefficients and qo(y), ql(y), qz(y), ... Are specified functions

depending on the problem. Substituting (4) and (5) in to Eq. (3) and comparing coefficients of terms with identical
powers p, we get

p” Vo (X, ) = Xg(y) + [ [ udxax
00

X X aZV
PtV (X Y) = —“[uo +—>—f(x y)dedx (6)
00 oy
X X azv
p? v, (X,Y) =—” L dxdx
20 Y
Considering the hypothesis V; (X, y) = O then the result in: V, (X, y) =V;(X,y)=...=0

Therefore the exact solution would be obtained as the following V(X, Y) =V, (X, Y)

It is important to note that if UO(X, )/) is analytic at X = X;then its Taylor series is defined as

UO(X, y) = Zan (y)(x— Xo)n which can be used in Eq. (6)
n=0

APPLICATION OF (NHPM):

Example 1.  Consider the two dimensional Poisson equation in the form:
Uy +U,, =Xy O<x y<m, @)

Subject to the boundary condition:

1
u(0,y) =0, u(z,y) =gﬂ3y,

u(x,0) =0, u(x,rz)= %ﬂx3 +sin xsinh 7.

In order to solve Eq. (7) using (NHPM), we construct the following homotopy:

0%V o’V
o2 TP Uo+?—xy ®

X X
Appling the inverse operator L™ = I I (c) dxdx to both sides of Eq. (8) we obtain
00
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X X X X 2
v(X,y) =Vv(0,y) +xv,(0,y) +”u0dxdx - p”(uo +%— xyj dxdx ©)
00 00

Substituting V from Eq. (4) in to Eq. (9) an equating the term with like power p we can obtain

P® v, (X, Y) =V(0,y)+xv, (O, y)+”uodxdx
00

jdxdx (10)

RACIE

phivi(X,y) = Ii[uo +
gl

Suppose U, (X, Y) :Zanx" V(0,y)=u(0,y),v,(0,y) =u,(0,y) = f(y) then we have:

n=0

v (x y):(_ao_Msz{_w KON jX { a2<y)_a;;(y>jx4
e 2 6 6 6 12 24

+(_ a(y) a{’(y)jxs R
20 120

It can be easily shown that:

, F)
2,()=0, ay)=y-1"), ay)=0 al)=—"..
This implies that
MKW=WWJ%#HW——%VW)yH- “WW+
To determined the function f(y) , we wuse the inhomogeneous boundary condition

u(z,y) = —7zX +sin xsinh z , we obtain f (y) =Sinh y Therefore, the exact solution of Eq. (10) becomes as :

u(x,y) = %x3y+sin xsinhy

Example 2.  Consider the two dimensional Poisson equation
Uy +Uy, =Xy O<xy<mr, (11)

Subject to the boundary condition:

1 1
UX(O, y)zgys’ Ux(ﬂ', y)zgﬂ'3

u, (x,0)=cosx, u,(x,7)= %n2x+cos x cosh 7.

To solve Eq. (11) by (NHPM), we construct the following homotopy

o°v o*v
ax—zzuo—p UO+W—XY (12)
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By integration of Eq. (12), we have:
X X X X azv .
v(x,y) =Vv(0,y)+xv,(0,y)+ ”uodxdx - p” U, + y —Xy |dxdx  (13) Assume the solution
00 00

of Eq. (13) in the form (4) substituting (4) into Eq. (13) and equating terms with like powers of P , results in

® vy (%, Y) =Vv(0,y) +xv, (0, y) + ﬁuodxdx
j(uo ;
115

2V, (%, Y) = I Y4 dxdx
0

p v (xy) =] Xy)dxdx (14
0

Suppose Ug (X, y) =D a,x" ,v(0,y) =u(0,y)= f(y),v,(0,y) =u,(0,y) then we have:

n=0
vy =[-2W O (a0 s [ 20) 80 ).,
2 2 6 24 12
_as(y) al(y) NC—
20 120
It can be easily shown that:
" FO(y)
() ==1"(y), =0, a)=—71= " a(y)=0..
This implies that
3
u(x,y)zvo(x,y)zf(y)+%—7f"(y)+ 1Oy ...
To determined the function f(y) ., we wuse the inhomogeneous boundary condition

1
Uy(X, )= = X +cos xcosh , weobtain T (y)=coshy , so the exact solution is:
2

x> x*
u(x, y)_ xy +coshy(1—7+7+ j

It important to note that the Neumann problem that the solution determined
up to an Additive constant cannot be determined by (NHPM), the solution should be

u(x,y) =%xy3 +cosxcoshy+c

Conclusions

In this article, a new homotopy perturbation method (NHPM) has been successfully applied to obtain the exact solution
of Poisson equation with the Dirichlet and Neumann boundary conditions, in this method the first approximate solution
has been use to reach the exact solution of the problem, that result reveal the method explicit, effective and easy to
use.
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